Abstract. We give a complete description of the integral cohomology ring of the flag manifold E 8 /T , where E 8 denotes the compact exceptional Lie group of rank 8 and T its maximal torus, by the method due to Borel and Toda. This completes the computation of the integral cohomology rings of the flag manifolds for all compact connected simple Lie groups.
explicitly in [19, Lemma 2.3] (see also [17, 2.3] 3. Integral cohomology ring of E 8 /T
As mentioned in the introduction, we compute H * (E 8 /T ; Z) following Toda's method. Since E 8 is simply connected, the homomorphism
is an isomorphism. Under this isomorphism, we denote the ι * -images of t i and t by the same symbols. Thus H 2 (E 8 /T ; Z) is a free Z-module generated by t i (1 ≤ i ≤ 8) and t with a relation c 1 = 3t. Toda [20] gave a general description of the integral cohomology ring of E 8 /T . In our situation, his result is stated as follows:
The integral cohomology ring of E 8 /T is of the form:
where t 1 , . . . , t 8 , t ∈ H 2 are as above, and γ i ∈ H 2i (i = 3, 4, 5, 6, 9, 10, 15), and
Here δ i (i = 3, 4, 5, 6, 9, 10, 15) are arbitrary elements of H * (E 8 /T ; Z) satisfying
Other relations ρ j (j = 2, 8, 12, 14, 18, 20, 24, 30) are determined by the maximum of the integers n j in
where I j (j = 2, 8, 12, 14, 18, 20, 24, 30) are the basic invariants of the Weyl group W (E 8 ) given in Lemma 2.1.
We will carry out his program for E 8 . Fortunately, in [19, Lemma 4.2] , partial computation of H * (E 8 /T ; Z) has been made up to degrees 36. So we need only to determine the higher relations ρ 20 , ρ 24 and ρ 30 explicitly. However, it seems difficult to compute them directly from the basic invariants I 20 , I 24 and I 30 . So we make use of a certain subgroup of E 8 . Namely, let C be the centralizer of a one dimensional torus determined by α i = 0 (i = 8). The local type of C can be read off from the Dynkin diagram of E 8 ( [3] ), and we have, in fact,
where T 1 denotes a certain one-dimensional torus. Consider the fibration
where T ′ is a maximal torus of E 7 . Since H * (E 8 /C; Z) and H * (E 7 /T ′ ; Z) have no torsion and vanishing odd dimensional part by Bott [4, Theorem A], the Serre spectral sequence with integer coefficients for the above fibration collapses, and the following sequence
as a direct summand if we identify Im p * with H * (E 8 /C; Z). The integral cohomology ring of E 8 /C is determined in [19] , which we now recall:
. The integral cohomology ring of E 8 /C is given as follows: 3, 4, 5, 6, 9, 10, 15) . The relations are + (9t 2 + 12tu + 5u 2 )γ 3 γ 4 γ 6
